An axiomatic characterization of the Theil inequality

ordering *

Casilda Lasso de la Vega
University of the Basque Country U.P.V./E.H.U.

Ana Urrutia

University of the Basque Country U.P.V./E.H.U.

Oscar Volij

Ben-Gurion University of the Negev

August 17, 2012

Abstract

We identify an ordinal decomposability property and use it, along with other ordinal
axioms, to characterize the Theil inequality ordering.

JEL classification numbers: D63

*We thank the Spanish Ministerio de Educacién y Ciencia (project SEJ2009-11213) for research support.
We also thank Mikel Bilbao for his invaluable help.



1 Introduction

Economists have long been interested in income inequality. Typical issues include the evo-
lution of income inequality over time in some particular region, the differences in income
inequality across different regions, the effect of various policies on income inequality, and
conversely, the effect of income inequality on various economic variables.! In order to ad-
dress these and other similar questions one must first be able to measure income inequality,
which is not a straightforward task.

The literature on income inequality measurement offers a plethora of inequality indices
but the extent to which they are appropriate is not at all obvious. To compare the perfor-
mance of different indices one may apply them to various distributions and check whether
or not they contradict one’s intuitions about inequality. For instance, they may be applied
to two income distributions, one of which is believed to be more unequal than the other,
and all those indices that contradict our subjective judgment may be discarded. Although
this method may seem reasonable, it may not be very reliable, as discarding indices based
on intuition is not the best scientific practice. Just as optical illusions may induce us to
believe that one object is longer than another one while they are actually of equal length,
so a false impression may induce us to believe that one income distribution is more unequal
than another one, while in fact their level of inequality is the same.

Another, more cautious, way to evaluate inequality measures is to consider their proper-
ties at a more abstract level. We could compile a list of simple properties that a reasonable
inequality measure should satisfy and then check which inequality measures do actually sat-
isfy them. This method allows us to compare different indices in terms of the differential
properties they do and do not satisfy, and has been successfully applied in the characteriza-
tion of families of Gini-type indices, the Theil index, and the family of generalized entropy

indices, among many others. In particular, Bourguignon [7] and Foster [15] have shown that

1See Goldberg and Pavenik [17] for a recent survey on the effect of globalization on income inequality in
developing countries, and Helpman et al. [18] for a theoretical analysis of the effect of trade liberalization on

income inequality.



the Theil index of income inequality is the only index that satisfies several basic axioms as
well as a simple decomposability property, known as Theil-Decomposability. In an important
paper Shorrocks [24] shows that the generalized entropy indices are the unique indices (up
to a monotone transformation) that are consistent with the Lorenz partial order and satisfy
the ordinal property of aggregativity. Later on, Shorrocks [25] showed that aggregativity can
be replaced by the ordinal axiom of subgroup consistency.

Some properties of inequality indices are uncontroversial, to the extent that they are
considered to be the defining properties of the bare concept of inequality measure. One
example is the Pigou-Dalton principle of transfers, which postulates that the transfer of
income from a rich individual to a poorer one decreases inequality as long as the poor
individual does not become richer than the rich one. Given other basic properties, this
axiom is equivalent to requiring that the order be consistent with the Lorenz criterion.
Other axioms, though very convenient, are less uncontroversial. For example, some require
the inequality index to be decomposable in a particular way. Specifically, given any partition
of a society into two subsocieties, they require that the overall inequality be decomposable
into the inequality between these subsocieties, and the inequality within them. Though
useful in applications, this decomposability is not at all a defining property of an inequality
index. In fact, there are well-known inequality indices that are not decomposable.

It is important to bear in mind that some axioms are ordinal in nature, while others
are cardinal. Ordinal axioms impose restrictions on how different income distributions are
ranked. The Pigou-Dalton principle of transfers, for instance, is an ordinal property in
that it compares two particular distributions and tells us which one is more unequal. It
does not, however, relate to the magnitude of the inequality difference. Cardinal axioms,
on the other hand, impose restrictions on the functional form of the index that is used to
measure inequality. The decomposability property that Bourguignon [7] and Foster [15] use
to characterize the Theil index is cardinal, since it requires that the total inequality of a
region be a weighted sum of the inequalities of its subregions and the inequality between

these subregions. This property is lost if we apply a non-linear monotonic transformation to



the index.

In this paper we strip the decomposability property used by Bourguignon [7] and Fos-
ter [15] of all its cardinal content, and retain only its ordinal content. In particular, we
identify an ordinal and meaningful decomposability property which is weaker than Theil De-
composability. This ordinal decomposability property states the following. Suppose we have
two societies S and S’ with the same total income but not necessarily the same population
size. Identify a subsociety in each society with the same population size, n, and the same
total income, y. The ranking of the two societies, S and S’, in terms of income inequality
should be independent of the way we distribute the total income y among the n members of
the subpopulation. We use this property, along with other well-known ordinal properties, to
characterize the Theil ordering of income inequality.

The rest of the paper is organized as follows. After giving a short review of the related
literature in Section 2, we present the model and list examples of inequality indices in
Section 3. Section 4 states the axioms and the main characterization theorem, the proof of

which appears in Section 5. Section 6 concludes.

2 Related Literature

The axiomatic literature on inequality indices is quite vast. Weymark [29] defines a family of
generalized Gini absolute inequality indices, and characterizes it within the class of societies
with a fixed population. He also defines a family of generalized Gini relative inequality
indices, which was axiomatically characterized by Ben Porath and Gilboa [5] within the
class of societies with a fixed population and a fixed income. Yaari [30], Bossert [6] and
Aaberge [1] provide characterizations of this family within a larger class of societies. Further
characterizations of the Gini indices can be found in Thon [28], Donaldson and Weymark [13,
14], Yitzhaki [31], and Barret and Salles [4]. The family of generalized entropy measures has
been studied by Cowell [10], Cowell and Kuga [11, 12], Shorrocks [23, 24], and Russell [22],

to name a few. Finally, Atkinson [2] introduces and characterizes the family of Atkinson



measures, which is further characterized by Lasso and Urrutia [19].2

One member of the family of general entropy indices is the Theil index, which has been
introduced by Theil [26]. Theil [26, 27] shows this index to have the following useful property
which, following Foster [15], we call Theil-Decomposability. The property can be described
as follows. Partition a society into two groups of income earners. We can define its within-
group inequality as the weighted average of the income inequality levels of the two groups,
the weights being the income shares of each group. We can also define the between-group
inequality as the inequality level of the original society after smoothing the income of each
group. In other words, between-group inequality is the inequality that would result if there
was no within-group inequality. It turns out that no matter how the original society is
partitioned, Theil’s index measures its income inequality as the sum of the within-group and
between-group inequalities.

Bourguignon [7] used this decomposability property to axiomatically characterize the
Theil index. In particular, he showed that it is the only twice differentiable index that
satisfies various uncontroversial axioms as well as Theil-Decomposability. Foster [15] shows
that the requirement of twice differentiability can be replaced by continuity.® In this paper we
show on a class of continuous distributions that we can replace the cardinal axiom of Theil-
Decomposability by weaker ordinal axioms and still obtain the Theil inequality ordering.

Our proof is very different from those of Bourguignon [7] and Foster [15]. Bourguignon
heavily relies on the twice differentiability of the index. Foster, in turn, relies on Lee’s [20]
theorem to show that a particular restriction of any index that satisfies Theil decomposability
(and other uncontroversial axioms) must be a multiple of Shannon’s measure of entropy.*

In contrast, we rely on a well-known characterization of the logarithmic functions to show

2For comprehensive surveys on income inequality measures, see Cowell [9] and Chakravarty [8].

3Foster’s [15] main result further shows that continuity can be dispensed with by strengthening the
Directness axiom and assuming the Pigou-Dalton principle of transfers instead.

4This restriction is the index applied only to two-person societies, with one person earning a proportion

t of the total income and the other one the remaining 1 — ¢.



that a specific index that satisfies our axioms, restricted to particularly simple societies,
is in fact a logarithmic function.” While Foster’s proof consists mainly of showing that a
Theil-Decomposable index must be a multiple of Theil’s measure, the most burdensome part
of our proof consists in showing that an inequality ordering that satisfies our axioms can be
represented by a Theil-Decomposable index. Once this is done, showing that this index is
in fact Theil’s measure is less difficult.® Our result is reminiscent of Frankel and Volij’s [16]
characterization of the Mutual Information measure of segregation. The main difference is
that Frankel and Volij, owing to an extensive use of an axiom of symmetry among different
ethnic groups and one of invariance to splitting of groups, are able to prove their result
without resorting to decomposability. In our case, however, since there are no multiplicity
of groups, we have to add a decomposability axiom.

An alternative but indirect proof of our result can be obtained if we strengthen our di-
rectness requirement to the Pigou-Dalton principle of transfers, and if we restrict attention
to the class of discrete distributions. Indeed, Shorrocks [24, 25] shows that in this class, the
generalized entropy indices are the only ones (up to a monotonic transformation) that sat-
isfy symmetry, the Pigou-Dalton principle of transfers, replication invariance, homogeneity,
continuity, and subgroup consistency. Therefore, by checking that none of the generalized
entropy indices, except for the Theil index, satisfies our ordinal decomposability axiom, one
obtains a full characterization of it. Shorrocks’s proof, however, is restricted to the class
of discrete distributions and makes heavy use of results on functional equations. Using the
flexibility awarded by a larger class of distributions, we offer a direct and more elementary

proof which we believe is easy to follow.

5These simple societies are ones where a proportion 1 — ¢ of the population has no income at all and the
remaining proportion shares all of society’s income evenly.
SWe should point out that for this part of our proof we cannot rely on Foster’s result because we deal

with a class of societies that is larger than Foster’s. Furthermore, his continuity axiom is different from ours.



3 Definitions

A generalized society is a non-decreasing, right-continuous real function F' : [0,00) — R;.
For each y > 0, F(y) represents the population mass with income less or equal y. We will
restrict attention to generalized societies where income is bounded. Namely, for each society
F, there is 7, such that F(y) = F(y) for all y > 7.

For any generalized society F', we denote by |F|, the total level of income in F', and by
n(F') its total population. That is,

|F|:/ ydF and n(F)= lim F(y).
0

Yy—o

A proper society is a generalized society whose total level of income is positive, i.e |F| > 0.
Note that if /' and G are generalized societies, one of which is proper, then F + G is
also proper. Unless stated otherwise, whenever we refer to societies we mean proper ones.
We denote by F the class of proper societies with bounded income. We denote by F, the
subclass of proper societies F' such that F'(0) = 0. Namely, with no agents with 0 income.
Some indices are not well-defined for societies outside F,. For our proof to be valid it is
important that the class is F and not just F,. The reason is that in order to show that
any index that satisfies our axioms is the Theil index, we first restrict attention to a class of
societies in which a positive proportion of the populations has 0 income. Only after showing
that on this small class the order must be represented by the Theil index, can we extend the
result to the whole class of societies. See Proposition 2 for details.

For each subset £ C R, 1z denotes its characteristic function. For any proper society
F € F, we denote by F the smoothed society n(F) - 17| /n(F),0) that is obtained from F
by redistributing F’s income equally among its members. Also, for any o > 0, and for
any generalized society F', aF' denotes the generalized society that is obtained from F' by
multiplying, for each y > 0, the mass of people with income less or equal y, by «. That
is, aF" is defined by (aF)(y) = aF(y). Similarly, F,) denotes the generalized society that
is obtained from F' by multiplying, each individual’s income by «. Formally, F,) is the
function defined by Fio)(y) = F(ay).



An inequality ordering is a complete and transitive binary relation 3= on F.” For any
two societies F' and G, F' > G means that F’s income distribution is at least as unequal
as G’s.  Some orderings can be represented by an inequality inder. An inequality index
is a function I : F —R that assigns to each society in F a real number, that stands for
the society’s inequality level. We say that an inequality index I : F —R represents the
inequality ordering = if for all societies F,G € F, F = G if and only if I(F) > I(G).

3.1 Examples of inequality indices

Example 1 The Theil index, T : F — [0,00), is defined as follows.®
For all F' € F,

T(F) = / N o ln<$y>dny>.

The Theil ordering is the ordering represented by the Theil index.

Example 2 The Second Theil index, Ty : F — [0,00), is defined as follows.
For all F € F.,

To(F) = /0 "l (%) %dF(y).

Both T and Tj belong to the family of generalized entropy indices. The remaining indices

of this family are defined next.

Example 3 The Generalized Entropy indez, GE, : F, — [0,00), is defined as follows.
For all F € F,,

n(F)y

GEE(F):/OO< ) 1 dF (y)for € 0, 1.

0 e —¢ n(F)

"We denote by = and ~ the asymmetric and symmetric parts of :=.

8We adopt the convention that 01n(0) = 0.



Researchers are sometimes interested in decomposable inequality indices. Decomposable
indices allow us to attribute total inequality to different factors. In particular, decompos-
able indices allow us to decompose total inequality into inequality between subsocieties and
inequality within subsocieties. Bourguignon [7] and Foster [15] used the following version

of decomposability in their characterizations of the Theil index.

Definition 1 [TD] We say that inequality index I is Theil-decomposable if for any two

societies F' and G,

I(F+G) = %1@) +

|G

mI(G) +I(F +G). (1)

The first two terms of the right hand side of (1) represent the inequality within F and
G. This inequality is the income-weighted average of the inequality of the two subsocieties
as measured by I. The last term of (1) represents the inequality between F and G, and is
the inequality that would result if there was no inequality in either subsociety.

Note that Theil decomposability is a cardinal axiom. Nevertheless, it has very strong
ordinal implications. In this paper we identify one of these ordinal implications and, together

with other ordinal axioms, use them to characterize the Theil inequality ordering.

4 Axioms and the main result

The first two axioms embody the idea that we are interested in relative measures of income

inequality.
Definition 2 [RI] We say that = satisfies replication invariance if for all & > 0, and for all

societies F', we have aF' ~ F.

Definition 3 [HOM| We say that = satisfies homogeneity if for all & > 0, and for all

societies F', we have F,) ~ F.



Homogeneity states that only the relative distribution of income determines inequality.
In other words, one does not need to know the units in which income is measured (dollars,
euros, etc.) in each society to determine whether one society has a more or less equal
distribution than another.” Replication invariance states that if we replicate a society by
multiplying each individual by a fixed positive constant, then inequality remains unaffected.
It is not the absolute number of people who have any given income level that matters, but
their proportion in the population. It is easy to check that all the orderings listed in the
previous section satisfy homogeneity and replication invariance.

The previous two axioms dictate that a particular change in the society does not affect
its income inequality. The next axiom, on the other hand, dictates that other changes do
have a certain effect. In fact, it is the only axiom that provides circumstances under which

one society is more unequal than another.

Definition 4 [SD] We say that = satisfies strong directedness if for all two-income-group

societies F' = ny - 1y, o) + N2 - 11y, o), Where y; < 42, and nq,ny > 0,

N1 Ly o0) + 12+ Liys 00) = (F) - 1F|/n(F) 00)

Strong directedness is a stronger version of Foster [15]’s directedness. According to this
axiom, if one divides an egalitarian society into two income groups by transferring income
from some individuals to others, one obtains a new society with a more unequal distribution
of income. It is easy to check that all the indices listed in the previous section represent
orderings that satisfy strong directedness.

The next axiom is an ordinal implication of Theil-Decomposability.

Definition 5 [IND] We say that > satisfies independence, if for all two societies F; and F;

9A related property is the unit-consistency axiom introduced by Zheng [32]. It guarantees that, as long
as income is measured in the same unit in all societies, inequality rankings are independent of this unit. We
don’t know the extent to which substituting this weaker axiom for Homogeneity would affect our results.

Examples of unit-consistent measures may be found in Zheng [32, 33] and del Rio and Alonso-Villar [21].

10



such that n(Fy) = n(Fy) and |Fy| = |F], and for all generalized societies F,

Fi=FF<s i+ F>=Fk+F

Independence is essentially what is known as subgroup consistency, which is closely related
to the notion of aggregativity of an index (see Shorrocks [24, 25]). It says that if a given
society is composed of two regions, and one of its regions’ income becomes more unequally
distributed, then the income distribution of the whole society becomes more unequal as well.
The satisfaction of this axiom justifies the application of distributive policies in subregions in
order to obtain results in the whole region. To illustrate, in order to reduce income inequality
in Asia, one would want to apply a policy that reduces inequality in India. But this would
be justified only if our measure of inequality satisfies IND. Otherwise, it may well be the case
that by reducing inequality in India we end up increasing inequality in Asia. An immediate
consequence of Shorrocks [24, 25| results is that many indices, including the Gini index, fail
to satisfy Independence.

As mentioned above, IND is an ordinal implication of Theil-Decomposability. To see

this, let Fy, Fy € F be two societies such that |Fi| = |Fy| and n(F;) = n(F,), and let F' € F

be another society. Also, let a = | FEL’I = F‘iilF‘ > 0. Then, if I is a Theil-Decomposable

index,

I(Fi+F)—I(F,+F) = ol(R)+I1(Fy+F)—al(Fy) — I(F,+ F)

= a(l(F) - I(F)),

since F; = F,. Hence, I represents an ordering that satisfies IND.

The next axiom is another ordinal implication of Theil-decomposability.

Definition 6 [DEC] We say that = satisfies ordinal decomposability if for all two societies

Fy, F5, such that |F}| = |F3|, and for any generalized society F,

Fi+F-FKh+F=FR+F=K+F (2)

11



Ordinal decomposability states the following. Suppose we want to compare two societies,
Fi+F and Fo+F, in terms of income distribution. These two societies may not have the same
population but they do have the same total income. Further, suppose that these two societies
share a common subsociety, F'. That is, their intersection is not empty. To illustrate, think
of Russia, which belongs both to Europe and to Asia, and assume that Europe and Asia have
the same total income. Ordinal decomposability dictates that whether or not one society
is more unequal than the other is independent of the income distribution in the common
subsociety. Continuing with our example, DEC states that whether or not Europe has a more
unequal distribution than Asia is independent of how income is distributed within Russia.
In particular, it is enough to know whether Europe would have a more unequal distribution
than Asia if Russia’s income was equally distributed among Russia’s population.

This axiom suggests that in some circumstances one could identify and isolate the in-
equality within a subsociety from the inequality of the whole society. To see this, note that
for any F, the difference between society (Fy + F) and society (F; + F) is that in the first
society the inequality within F' has been eliminated while in the second it has not. Therefore
the requirement (2) in DEC suggests that income inequality in (F; + F') consists of the in-
equality in (F} + F) and of a term that depends only on the inequality within F and on |F}|.
This kind of income dependent decomposability is much weaker than Theil Decomposability,
but turns out to be sufficient, together with IND and the other axioms, to imply it.

As mentioned above, DEC is weaker than Theil-Decomposability. To see this, let Fy, F5, F' €

F, such that |F|| = |F3|, and let a = |F‘,ﬂ|F| = |F|2Iji‘F|' Assume that the index [ satisfies TD.
Then,

(FL+F) = (F,+F) &
ol(F)+(1—a)[(F)+I(Fi+F) > al(B)+(1-a)(F)+I(F,+F) &
aA(F)+ (1 —-a)I(F)+I(F1+F) > al(FR)+(1—-a)(F)+1(F, +F) <

(F1+F) = (Fa+F)

which means that DEC is satisfied.

12



The reader may wonder what the implications are of replacing the condition |F}| = |F3| in
the definition of DEC with the dual condition n(F}) = n(F3). In that case we would obtain a
population dependent decomposability axiom. As it turns out, among the generalized entropy
indices, only the second Theil measure, Ty, satisfies this new axiom. Therefore, by restricting
attention to the class of finite population societies, this axiom along with the other axioms
used in Shorrocks [25] fully characterize Ty. A modification of our proof, however, would not
suffice to obtain a characterization of this index in the larger class that we consider in this
paper. The reason is that our proof, in particular Proposition 2, crucially exploits the fact
that there are societies with zero per-capita income groups, and the second Theil index is
not defined for such societies.

The last axiom is a technical but standard continuity requirement that states that “simi-
lar” societies have “similar” levels of income inequality. For any function F' € F, its L;-norm
is defined by ||F|| = [;7|F(y)|dy. We say that the sequence {F;} converges to F', denoted
F, — F,if |F, — F| — 0.

Definition 7 [C] The inequality ordering = satisfies continuity (in the L;-norm ) if for any
sequence of pairs of societies, { Fi, Gi} with Fy = G}, for all k and Fj, — F and G, — G, we
have F = G.

Needless to say, this axiom is weaker than directly assuming that »= is represented by a
continuous index.

We are now ready to state our main result.

Theorem 1 An inequality ordering defined on F satisfies homogeneity, replication invari-
ance, independence, ordinal decomposability, strong directedness, and continuity if and only

if it can be represented by the Theil inequality index.

13



5 Proof of Theorem 1

It is easy to check that the Theil ordering satisfies HOM, RI, SD, and C. It is well known
that the Theil index satisfies Theil-Decomposability. Therefore it satisfies IND and DEC as
well.

Now, let = be an inequality ordering on F that satisfies homogeneity, replication invari-
ance, independence, ordinal decomposability, strong directedness, and continuity. We will
show that is represented by the Theil index.

We say that general society S is a simple society if it is of the form

K
= 100
k=1

where 0 < y; < --- < yg. Note that a simple society is a proper society if ngy, > 0 for
some k. Denote by Fg C F the class of simple, proper societies. We shall first show that
the only ordering that satisfies the axioms on Fg is the Theil ordering. We will later extend
this result to the whole class F of proper societies.

Let So = 1[1,) be the society with population mass 1 and a uniformly distributed income
of one, and let Sy = 1/2 - 1900y + 1/2 - 135y be the society with population mass 1, in
which half of the population has income 0, and the other half has income 2. Note that 5/,
has income 1. Also note that by SD, S/, = Sp.

Lemma 1 All societies where total income is equally distributed among the population have

the same degree of income inequality. Further, for all societies S € Fg, S = Sy.

Proof. Let ' = n -1}, ) be a society with equally distributed income. By HOM, RI,
F o~ 3 Fup) = 1) = So-

Now let S = Zszl Ny - 1y, o). We will use induction to show that S = Sp. If K =1,
then, by the previous step S ~ Sp. Assume that result holds for K = m > 1, and let now
K =m+1. By SD,

NK-1- 1[@/1(71700) + K- l[yK»OO) = (nK—l + nK) ’ 1[9700)

14



where y is the level of income that satisfies (ngx_1 + ng)y = nx_1yx—1 + ngyx. lf m =2,

by the previous step we are done. Otherwise, if m > 2, by IND,

K K—2
k=1 k=1
By the induction hypothesis,
K—2
> i Ly, o) + (o1 + nk) - Loy = So-
k=1

Q.E.D.

Lemma 2 Let S € Fg be a society with population 1 and income 1 such that S = Sy. If
0<a<p<1,then S+ (1 = 5)Sy = aS" + (1 — a)S.

Proof. By RI, (6 —«a)S" > (6 — a)S,. By IND,
aS" + (B —a)S" + (1= 0)Sy = aS" + (8 — a)Sy + (1 — 5)So,
which can be written as, 5"+ (1 — 3)Sy = aS" + (1 — @)Sy. Q.E.D.

Lemma 3 Let S’ € Fg be a society with population 1 and income 1 such that S’ = Sp.

Then, for any society S € Fg such that S" = S = So, there is a unique o € [0, 1] such that
S ~a*S + (1 —a*)Sy

Proof. By C, the sets {G : G = S} and {G : S = G} are closed in F. Consequently, the
sets {a € [0,1]: aS" + (1 —a)Sy = S} and {a € [0,1] : S = aS" + (1 — a)Sp} are closed in
R. Since §" = S = Sy, they are not empty. Since > is complete, their union is [0, 1].
Therefore, since the unit interval is connected, the intersection of the two sets is not empty.
By Lemma 2, this intersection must contain a single element. This single element is the a*

we are looking for. Q.E.D.

Lemma 4 For any society S € Fg such that |S| = n(S) = 1, there is a unique o > 0 such
that S + Oé*So ~ So + 06*51/2.

15



Proof. If 51/, = S = Sy, then by Lemma 3, and since Sy /2 > Sp, there is a unique o* € [0, 1]
such that S ~ a*Sy/5 + (1 — a*)Sy. Then, by IND,
S + CY*SO ~ 05*51/2 + (1 — CY*)SO + O./*S()
= a*Sl/g + 5.
If, on the other hand, S > Sy, by Lemma 3 there is a unique 5* € [0,1] such that
B*S + (1 — B*)SU ~ 51/2. Since 51/2 — S(), ﬁ* > 0. Then,
S + %S@ ~ %81/2 by RI
S+ 5558+ S ~ FSip+S; by IND
S+ 6—1*50 ~ %Sm + S
Therefore, ﬁi is the a* we are looking for. Q.E.D.
Lemma 4 allows us to define an index r : Fs—R by
r(S) = a,
where « is the unique number that satisfies S+ Sy ~ So + aSiz, and S is the society that
is obtained from S by normalizing its population and income to 1.

Lemma 5 The index r represents the inequality order = on Fs.

Proof. Let S and S’ be two societies in Fg and assume that S’ 3= S. By RI and HOM we
can assume that |S| = |5'| =1 and n(S) = n(S’") = 1. Let a and o be defined by

S+ aSy ~ Sp+aSi (3)
S'+d'Sy ~ So+d'Si. (4)
We need to show that o/ > «. Assume by contradiction that o > o’. Then,
S +aSy = S+ aS by IND
~ So+ aSi) by (3)
= So+a'Sip+ (a—a')Si)
= So+ 'S+ (a—a)Sy by IND and Sy, = So,
~ S+ S+ (a—d)S by (4) and IND
= S+ aS

16



which cannot be true. Q.E.D.
The next proposition implies that the index r satisfies Theil-Decomposability.
Proposition 1 Let S and S’ be two simple societies such that S € Fg. Then

, S
r(S+S5") = |S‘+|S’|

r(S)+r(S+9)

Proof. Let S and S’ be two simple societies with populations n and m, respectively. By RI
and HOM, we can assume without loss of generality that n +m =1, and |S + 5’| = 1. Let
v =7(S+95") and a = r(S). Then, by definition of 7,

(S+5)+7S ~ So+7Sie (5)
§ +aSy ~ S+ 0651/2. (6)

where S is the society that is obtained from S by normalizing its population and income so

that they are both equal to 1. We need to show that
(S+95) +(ISla+7)So ~ So+ (|S| a+7)S1 /2 (7)

Choose k € N such that k¥ > 1+ «[S]. Denote S}, = 5 - Ljpo0) + 5 - Lasi - This society

n

has population n and income |S|. It follows from (6), using RI and HOM, that
S+aS~S+aSi,. (8)

Adding (k — 1)(Sp + 751/2) to both sides of Equation (5), we obtain

VAl
S+ 5"+ 780+ (k= 1)(So +7S1/2) ~ k(So+7S1s) by IND
~ 5 (S+755,) by HOM and RI
Za
-k Sh= o
= St (- Phs s,
Sk
>0
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Note that since |S| < 1 and a > 0, our choice of k implies that |S| /k < 1, and therefore
subsociety Z is well-defined. Since |Z;| = |Z5| = |S'| + kv + (K — 1), by DEC,

Zz
Z

/ \ ’k \
S+ S —f—’)/So—f‘(k?—l)(So'f"YSl/g)NS—FE(( |]{3‘)S+ 51/2)
Rewriting the right hand side term,
, = 1+a)lS
S+ 8" +~4S + (k—1)(So +7vS12) ~ S+aS+§((1 %)SJF VS51/2)
=0

~ S+ 0451/2 |s|((1 — ) ‘S‘)S +’?’Sl/z)
~ |S](So + aSip) + (k= 1 — a[S])So + kyS1ya
— ——

>0

= So+ (a|S]+7) Sij2 + (k= (14 a)[S])So + (k — 1) ¥S1/2

where the second line follows from (8) and IND, and the third line from HOM and RI. On
the other hand,

S—i—S/—F’}/So + (/{7 — 1)(50 +")/Sl/2) = S+ S,+ (a|S| +’Y)So + (lf -1 CM‘SDS{) + (/{7 — 1)’}/51/2.
As a result, denoting k* = (k — 1 — «|S|), we obtain
S+8 +(alS|+7)So+ (k*So + (k — 1)vS1/2) ~ So+ (|S| +7) S1j2+ (k*So + (k — 1)vS12)

Since S+ 5"+ (a|S| +7)So and Sy + (a |S| + 7) S1/2 have the same population and income,
we can apply IND and obtain

S+ 5" 4 (a|S] +7)So ~ So + (a[S] +7) Si/2,
which is what we wanted to prove. Q.E.D.

Corollary 1 Let Sy,...,Sk be K societies in Fg. Also let S = Zszl Si. Then
K K
S| .
Z ? —|— T (kz:; Sk> .

18



Proof. The proof is by induction and is left to the reader. Q.E.D.

We now define a subclass of simple societies. For each o € (0,1), let S, = - 1jg0) +
(1 =) - 1p/(1—a)00) be the society with population mass 1 in which a proportion « of the
population has income 0, and the proportion (1 —«) of the population has income 1/(1 — ).
The next proposition shows that r, when applied to these societies, induces a well-known

function.
Proposition 2 For all a € (0,1], 7(S1-o) = — log, a.

Proof. Let h: (0,1] — R be defined by h(a) = 7(S1-4). By definition of r,

h(a) >0 for all a € (0, 1]. 9)
Also,
h(1/2) = r(S1)2) = 1. (10)
We will now show that
h(pq) = h(p) + h(q) for all p,q € (0,1]. (11)

To see this, note that

Sipg = (1=pg) Lpeo) +pg- 12
= (1—=q) 1peo) +q(1 =p) Loy +1g- 11
prq
= (¢(1=p) - Looo) + P4 L1/tpg).o)) + (1= @) - Lo c0)-

Therefore, by Proposition 1, and using HOM and RI,

r(Sip) = T(a(1=p) Looo) + P4 Lnjiaroe) +7 (0 Ljgeo) + (1= 4) - Looo)
= (1 =) Lpoo) + 7 Lijpoe)) +7 (4 Ltjgoo) + (1= ) - L)
= 7 (Si—p) +r(S1—q),
which shows that (11) holds. It is known that the only function on (0, 1] that satisfies (9-11)
is —log,.1 Q.E.D.

19See Theorem 0.2.5 in Aczél and Daréezy [3].
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Proposition 3 The index r is a positive multiple of the Theil indez.

Proof. Let S = Zszl Ny - 1iy,.00) € Fs be a society where 0 < y; < -+ < yg. Assume
without loss of generality that ng > 0 for £ = 1,..., K. We need to show that r(S) = aT'(5)
for some a > 0. If K = 1, the result is obvious. So assume K > 2. By RI we can assume
without loss of generality that n (S) = 1. Similarly, by HOM we can assume without loss
of generality that S0y, = 1. Therefore |S|> < [S| = K muy < 1. Also, 55| < 1
for k =1,... K. We need to show that r(S) is a multiple of T'(S), which in the case of our

simple society, can be written as

Assume first that y; > 0, and define
S* = (1 — yalS]) - Lo o) + nryal S| - L o0

Note that S* = n,- 1}y, o) and therefore Zszl Sk = S. Therefore, by Corollary 1,

K

Z k) = "‘y’“ r (S*) +7(S).

1 |

which can be written as

Note that by RI, and HOM, for all &k

St~ (1 =yl SI) - Lpo,00) + kS| - 1[ﬁ7oo)

~ (1= yrlSI) - Ljo,00) + yrlS] -

tspoe) = S-uels-

Also, by HOM,

K K
; Z ni( Yk|S1) [0,00) T niyk| S| [Zz.00)

k=1
K K
= (Do - anyk|5|> L0,00) +anyk|5| Lty o0
k=1 k=1 k=1 5
= (1=151) - L) +IS1*- 11 1 o) = S1ysp2.
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Therefore

= |5
K
NEYk
S (1o g +omas )
K
_ Z NEYk (log2 yk)
—~ |9 S|
_T(S5)
~ In2

Assume now that y; = 0, so that S = n; -1 ) +ZkK:2 N1y, 00)- Namely, there is a positive

mass of agents with 0 income. Denote S’ = Zszz Ny * 1y, 00)- Then, by Proposition 1,
r(S) =r(S") +r(S 4+ n1 - 1)
But, using HOM,
St o) = nLpeo) + (1= 1) - s)/a-n).00)

~ 1y Loy + (1= n1) - Lp/(1—ny),00)
— S,

where the second line follows from HOM. Then, by Proposition 2,

r(S"+ny - looy) = 7(Sn)

Consequently,

r(S) = r(S") —logy(1 —ny)
T(S)
In2
7(5)
2"

—log,y(1 — ny)

21



We have shown that the only ordering on Fg that satisfies the axioms is the Theil ordering.
We now extend this result to the whole class F. Let = be the Theil ordering and let »=* be an
order on F that satisfies the forgoing axioms. We must show that =* and = are one and the
same order. Let F,G € F be two societies such that F' = G. We must show that F' »>=* GG. In
order to do so, it is enough to find a sequence {F},, G,,} of pairs of simple societies such that
for all n, F,,G, € Fg, F,, »= F and G = G, and such that F,, — F and G,, — G. To see
why, note that once such sequence is found, we will have, by transitivity of =, that F,, »= G,
for all n. Since >=* satisfies the axioms on Fg, by Theorem 1 it must coincide with >= there.
Consequently, we will have found a sequence of pairs {F,,, G,,} such that that F,, — F and
G, — G, with F,, =* G, for all n. By Li-continuity we will have F' =* GG, the desired result.
We now find the required sequence. Let § € argmax F'(y) N argmax G(y) be a common
upper bound to the individual income levels in societies F' and G. For each n € N, partition
the interval [0,7) into intervals of equal length of the type [y} ;,y}) == [(k — 1)y/n, ky/n).
Note that the length of the intervals is 7/n. In order to build F,, for each k = 1,...n, we
will regressively redistribute the income of the agents in the income bracket (yj_;,v}], in a
way so that some agents there will be impoverished and end up with ;' ;, and the remaining
agents will be enriched and end up with y;. Formally, for £k = 1,...n, let p} be implicitly
defined by .

Prvi + (F i) — F (vioy) —0k) vk = /yyk ydF. (12)

k-1

The value p}! represents the mass of agents that are impoverished, and (F (y) — F (yi_;) — p})

is the mass of people that are enriched. Equation (12) ensures that the total income of the

agents in the original income bracket (y;_,,yp| remains the same. Define now,

Fo=(F W) +00)  Lygoo + Y (F W) + 0k — F (Uh1) = ph) - Lpp.oo)-
k=1

Figure 1 illustrates the construction of F,,. As explained above, F,, is the society that
is obtained from F' by, for £k = 1,...n, redistributing the income of the agents in the
income bracket (y;_,,yy] among them, assigning income y;' ; to pp of them and income y}'

to the remaining (F (y}) — F (y_,) — p}). By construction, F second order stochastically
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dominates F;, and since the Theil index is consistent with second order stochastic ordering,
we have that F;, = F.

Flyl,Fnly]

74

P

Figure 1: Societies F' and F,

The construction of the societies GG, is similar. In order to do so, we will progressively
redistribute the income of the income bracket [y ;,yp) so that all agents there end up with
the same income level. Formally, let

vi
fylrcl—1 ydd

7= awp-awry G > Gl
(k—1/2)g/n if G(yp) = G(yp,)
be the mean income of the agents in the income bracket [y7_;,yy) (if there are no agents in

this income bracket, the mean income is arbitrarily defined as the midpoint of the interval).

Letting, ¥, ., = ¥, Define

3

Grn=G(0) 1) + Y (GR) = Gwi-1)) - Ligp.oo)-

k=1
Figure 2 illustrates the construction of G,. The simple society G, is obtained from G
by redistributing equally the total income of each income bracket [y} ;,y). (If there are
no agents in that bracket, G,, and G coincide there). By construction, G, second-order
stochastically dominates G. It is known that the Theil index is consistent with second-order

stochastic dominance, therefore, G = G,,.
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Glyl,Gnly]

Figure 2: Societies G and G,

It remains to show that F,, — F and G,, — G. In order to show F,, — F, by the
bounded convergence theorem, it is enough to prove that Fj, converges to I’ pointwise almost
everywhere. Since F' is non-decreasing, it is continuous almost everywhere. Therefore, it is
enough to show that F,,(y) converges to F(y) for every point at which F' is continuous. Let
y € [0,7) one such point, and for any n € N, let [y} ;,y) be the interval that contains y.
Note that since py < F(yg) — F(yi_1), Fyp—1) < Fuly) = F(yp_y) + i < F(yg). Since F
is non-decreasing, we also have F(yp_;) < F(y) < F(yy). Consequently, |F,(y) — F(y)| <
|F(yp) — F(yp_,)|- Now, let ¢ > 0. We need to show that there is ng such that for all
n > ng, |F,(y) — F(y)| <e. Since F' is continuous at y, there is § > 0 such that |y — /| < ¢
implies |F(y) — F(y')| < €/2. Since |yp_, — y,ﬂ = y/n — 0, we can choose ng such that
}y,ﬁf_l — y};‘ < ¢ for all n > ng. Since max {]y —yrl, |y — y,’;_1|} < ’y,’;_l — y,’;|, we have that

for all n > ny,

IFu(y) — F(y)| < |F(y) — Fypy)]
< |F(yp) = F(y)l + |F(y) — F(yp_)|
< ¢

which is what we wanted to show. The proof that GG, — G is analogous and is left to the

reader. Q.E.D.
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6

Conclusions

We have axiomatically characterized the Theil ordering of income inequality. In addition

to the uncontroversial axioms of anonymity, homogeneity, replication invariance, strong di-

rectedness and a standard continuity property, we appealed to an independence and to a

decomposability axioms. These two axioms are ordinal implications of Theil Decomposabil-

ity, the central axiom in Bourguignon [7] and Foster [15] in their characterization of the Theil

index. To the best of our knowledge, this is the first fully ordinal characterization of this

index.

References

1]

Aaberge, R., Axiomatic Characterization of the Gini Coefficient and Lorenz Curve

Orderings, J. Econ. Theory 101, (2001), 115-132.
Atkinson, A., On the Measurement of Inequality, J. Econ. Theory 2, (1970), 244-263.

Aczél, J. and Z. Daréczy, On Measures of Information and their Characterizations,

Academic Press, New York and London, 1975.

Barret C. R. and M. Salles, On a Generalisation of the Gini Coefficient, Mathematical
Social Sciences 30, (1995), 235-244.

Ben Porath, E., and I. Gilboa, Linear Measures, the Gini Index, and the Income-

Equality Trade-off, J. Econ. Theory 64, (1994), 443-467.

Bossert, W., An Axiomatization of the Single-Series Ginis, J. Econ. Theory 50, (1990),
82-92.

Bourguignon, F., Decomposable Income Inequality Measures. Econometrica 47, (1979),

901-920.
Chakravarty S., Inequality, Polarization and Poverty. Springer Science (2009).

25



[18]

[19]

Cowell, F., Measurement of Inequality. In Handbook of income distribution,Vol. 1, A.

B. Atkinson and F. Bourguignon (eds), North-Holland, Amsterdam, 2000.

Cowell, F., On the Structure of Additive Inequality Measures, Rev. Econ. Stud. 47,
(1980), 521-31.

Cowell, F. and K. Kuga, Additivity and the Entropy Concept: an axiomatic approach
to inequality measurement, J. Econ. Theory 25, (1981), 131-143.

Cowell, F. and K. Kuga Inequality Measurement: An axiomatic approach, European

Economic Review 15, (1981), 287-305.

Donaldson, D. and J. A. Weymark, A Single-Parameter Generalization of the Gini
Indices of Inequality, J. Econ. Theory 22, (1980), 67-86.

Donaldson, D. and J. A. Weymark, Ethically Flexible Gini Indices for Income Distri-
bution in the Continuum, J. Econ. Theory 29, (1980), 353-358.

Foster, J. E., An Axiomatic Characterization or the Theil Measure of Income Inequality,

J. Econ. Theory 31, (1983), 105-121.

Frankel, D. and O. Volij, Measuring School Segregation, J. Econ. Theory 146 (2001),
1-38.

Goldberg, P. and N. Pavcnik, Distributional Effects of Globalization in Developing
Countries, Journal of Economic Literature 45, (2007), 39-82.

Helpman, E., O. Itskhoki and S. Redding, Inequality and Unemployment in a Global
Economy, Econometrica 78, (2010), 1239-1283.

Lasso de la Vega, C., and A. Urrutia, The ‘Extended’ Atkinson Family: The Class of
Multiplicatively Decomposable Inequality Measures, and some New Graphical Proce-

dures for Analysts, Journal of Economic Inequality 6, (2008), 212-225.

26



[20]

[21]

[25]

[26]
[27]

28]

[29]

Lee P. M., On the Axioms of Information Theory, Ann. Math. Statist. 35, (1964), 415—
418.

del Rio, C. and O. Alonso-Villar, New unit-consistent intermediate inequality measures,

Econ. Theory 42, (2010), 505-521.

Russell, R., A Note on Decomposable Inequality Measures, Rev. Econ. Stud. 52, (1985),
347-352.

Shorrocks, A. F., The Class of Additively Decomposable Inequality Measures, Econo-
metrica 48, (1980), 613-625.

Shorrocks, A. F., 1984, Inequality Decomposition by Population Subgroups, Economet-
rica 52, (1984), 1369-1385.

Shorrocks, A. F., Aggregation Issues in Inequality Measurement, in W. Eichhorn, ed.,

Measurement in Economics, Physica Verlag, Heidelberg, 1988.
Theil H., Economics and Information Theory, North-Holland, Amsterdam, 1967.
Theil H., Statistical Decomposition Analysis, North-Holland, Amsterdam, 1972.

Thon, D., An Axiomatization of the Gini Coefficient, Mathematical Social Sciences 2,

(1982), 131-143.

Weymark, J. A., Generalized Gini Inequality Indices, Mathematical Social Sciences, 1,

(1981), 409-430.

Yaari, M., A Controversial Proposal Concerning Inequality Measurement, J. Econ. The-

ory 44, (1988), 381-397.

Yitzhaki, S., On an Extension of the Gini Inequality Index, Int. Econ. Rev. 24, (1991),
617-628.

27



[32] Zheng, B., Unit-consistent decomposable inequality indices, Economica 74, (2007), 97—
111.

[33] Zheng, B., Unit-consistent poverty indices, Econ. Theory 31, (2007), 113-142.

28



